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reduction of an ion gives rise to phenomena
which simulate the behavior of a condenser
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of very large capacity.
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When experimenting with long chain polymers
it is desirable to use molecules which are all com-
posed of the same number of monomeric elements.
Since such a homogeneous system is difficult to
prepare, one must often be satisfied with more or
less heterogeneous mixtures. An indication of the
molecular size distribution of this type of system
can be obtained by applying statistical methods
to the various molecular weights that can be de-
termined experimentally.

If a long chain molecule in a system of V similar
polymers consists of p monomeric elements or
fundamental units (for example, the monomeric
elements in cellulose are glucose units), it will be
a p-mer and its molecular weight will be denoted
by M, Letting n, be the fraction of p-mers in
the system and m the molecular weight of a mono-
meric element, Nn, is the total number of p-mers
and M, = mp. Now any experimental method
(such as chemical analysis, vapor or osmotic pres-

sure measurements) which in effect involves the .

counting of molecules, measures the ‘‘number
average’’ molecular weight

M, = ZpMp"p/Zp”p (1

The average value resulting from a procedure de-
pending on weights of the molecules (e. g., Stau-
dinger’s viscosity method) is given by the ‘‘weight
average'’ molecular weight:

M; = Zpi :np/Zpﬂ{Ppp @

Sedimentation equilibrium measurements in an
ultracentrifuge make available the ‘‘z-average”
molecular weight!

M= > Min,/ D, Myn, (3
It is now apparent from (1), (2) and (3) that the
moments of the distribution function, #,, the 7-th
of which is
W= 3 b, )
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(1) See Kraemer's article on polydisperse systems in '"[he Ultra-
centrifuge,” edited by Svedberg and Pedersen, Oxford Press (1940):
or Lansing and Kraemer, THIS JoUurnaL, 87, 1369 (1933).

can be expressed in terms of the M,’s

Mi = ZpM;nP = m prinﬂ =m L. (5)
ZpM;_ lnP prl - lnp

Mi—1
or, since
2 =1

ny = MlMg, . .M.-/m" (6)

In a polydisperse system in which the molecular
size distribution has a single maximum, this dis-
tribution might be almost normal. As has been
discussed by Lansing and Kraemer,! a logarith-
mically normal distribution function is applicable
when there is reason to believe that a strong de-
viation toward the high molecular weight compo-
nents exists. Since only two moments are re-
quired to calculate normal and logarithmically
normal distribution functions, they do not make
use of all the possible experimental information.
We will now proceed to derive a distribution func-
tion which involves all the measurable moments,
and then we will develop a theory of depolymeriza-
tion of polydisperse systems with arbitrary initial
distributions.

Almost Normal Molecular Size Distributions.
—The fraction of p-mers in a system with a
normal distribution? of molecular sizes is

no(p) = e—(m—2)"/20*/5\/2x @)
where u, is the average degree of polymerization
or first moment of the distribution and ¢2 is the
mean deviation, u — ui. Since any continuous

function, f(p), suchthat /" |f(p)|2dp < ®, can be

expanded as a product of a Gaussian error func-
tion (7) and a linear combination of Hermite poly-
nomials, an almost normal distribution function
can be written
fp = chno(p)Hn(ﬂT—g) @®
n=0

(2) The treatment for logarithmically normal distributions similar
to those of Lansing and Kraemer! but involving three observable
moments proceeds in a similar manner. See, for example, A.
Fisher, ''The Mathematical Theory of Probabilities,’" New York,
N. VY., 1926, p. 235.
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The first few Hermite polynomials are

Ho(z) =1
Hi(z) = 2
Hy(z) = 22 — 1

Hy(z) = 2% — 3z
and all these polynomials satisfy the ortho normal-
ization condition

1 «® o m
—= [ H.(@)Hu(2e—""dz = V2w (92
V2
T _w

6,m = 1if m = n and zero otherwise. Substitut-

ingz = (u — p)/cin (9a):

J:an(’L;J)Hm(”l - p)no(p) dp = /Al sum
(9b)
Thus multiplication of both sides of (8) by H,,-

ag
p = =+ = yields the constants

micm = :/;71,;1’{7,.('ul :p)dp

To translate the ¢’s into experimental moments
and average molecular weights we proceed as
follows

<“l — p>dp and integration from p = — to

(10)

Co f Hynpdp = fn,.dp =1

j‘ ('L“_P),, dp =T H _

— o v o

a [(#'a—_}})? _ 1:|npd? _ J%‘ﬂ =0

“ofud 3pul . 3p? LA :
J (‘,‘,1 _ 3pw; + 3Pt _ ?3 _ ,;51 + }f)npdp

a? a3 a? 4

G =

21y

3l =

25 = B + m
= &
Using these values for ¢y, ¢» and ¢; and abbreviating
)\;5 = _)/.‘Lii — 3/.11,112 + M3, Fp becomes

H, (HL;:Q) +o

(1n
Although it is possible in priuciple to determine
moments higher than the third from ultracentri-
fuge analysis the errors would accumulate rapidly,
so it would be advisable to cut off the expaunsion
with the third Hermite polynomial; however, un-
less a system deviates radically from a normal
one, (11) should be quite accurate. Actually the
experimental moments »; = MM... M;/m’ are
sums, while the p;'s in equation (11) are integrals.
But, inasmuch as the number of molecules to be
averaged over is large, and since it is difficult to

e—(u—p)t/2a% \
My = ez 1 =
! a\/27r { 3la?

Erriort MONTROLL

Val. 63

differentiate experimentally between a molecule
of say 300 monomeric elements and one of 301,
the error introduced by replacing the sums by
integrals is not large. The introduction of the
various average molecular weights makes

e—(M./m—mf/zaul A i (Ml/m—p) + /

Hp = ———— = —_
g a\/27r /
o = M,(My — M)/m?
N o= M;(2M? — 3M,M, + M,M;)/m?

Physically, ¢” gives an indication of the sharpness
of the distribution in such a way that as o 1a-
creases, the distribution curve broadens, while the
skewness or deviation from normal is indicated by
A; so that as Ay —> O the curve approaches a nor-
mal one. When \; is negative, molecular sizes
smaller than the most probable ones predominate
over those less than the most probable, and wice
versa for positive o5, In Fig. 1 are plotted three
distribution functions for systems with unumber
average molecular weights M, = 350m and weight
average molecular weights M; = 354m. Curve
(1) is the normal distribution which corresponds
to A3 = 0. Curve (2) results from choosing a 2-
average molecular weight M; = 357m. This
choice makes A;/6c® = —0.359, the negativeness
of which leads to a predomination of less than
“most probable’” inolecular sizes. Curve (3)
shows the long chain predomination that comes
from choosing M; = 339m. Here \;/60% =
+0.430. The skewness is as delicate to small
differences in M; as it is in Fig. 1 only when the
M;'’s are close to the value which makes the curve
normal.

Depolymerization of a Mixture of Long Poly-
mers.—A complete investigation of the kinetics
of decomposition of long chain molecules has two
aspects: the time variation of the degree of de-
polymerization, and the distribution of various
chain lengths at a given time for a given degree of
depolymerization and a given initial distribution
of chain lengths. The size distribution aspect
has recently been analyzed? for a system in which:
. All initial molecules are of the same molecular
weight. 2. The accessibility to reaction of a
bond is independent of its position in a chain and
independent of the length of its parent chain. 3.
The bonds of all the chains in the mixture at any
given time are equally accessible to reactiou.
The difficulty of preparation of uniform samples

(3) Montroll and Simha, J. Chem. Phys., 8, 721 (1940). Refer-
ences to past work, experimental and theoretical. ure yiveo in this
paper.
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for depolymerization makes it desirable to elimi-
nate the first assumption; so, using the results of
the last section we will now investigate the degra-
dation of mixtures with an arbitrary initial dis-
tribution and especially those whose initial dis-
tribution is almost normal.

If an initial material is homogeneous the de-
polymerization process can be studied by first
developing a theory of the breaking of single mole-
cules and then taking into account the distribu-
tion of breaks in the various chains. In such a
manner it has been shown? that if «, the degree
of depolymerization, is defined as the probability
of a given bond being split (z. e., « is the ratio of
the total number of bonds cut to the total number
of bonds in the system), the average fraction of
monomeric elements existing as components of
{-mers in a system that was originally composed
of N(p + 1)-mers is

— i—
Fip o) = L2

Fpt1(p, o) = (1 — a)?
Since the total number of {-mers, N,(p, a), is given
by

2+ (p—Nalt <p (13a)

Nip, @) = NE(p, a)(1 + p)/t
(13a) implies
Nyp, @) = Na(l = a)t =12+ (p — Hal,t Sp (13b)
Np+1(p, @) = N(1 = a)?

Now consider the depolymerization of a system
that initially consisted of V polymers distributed
into N#, monomers, N#, dimers, .., Nn, p-mers,

., in such a manner that conditions (2) and
(3) remain valid throughout the degradation
process. The total number of t-mers, Ny(a),
when the degree of depolymerization is «, is the
totality of #-mers generated from each of the
original molecular species composed of £ or more
monomers. Thus
> N e (14

pH1=t
= Nn, (1 — a)t—1 +

@

N

pF+1=t+1

N(a) =

np+1a(l — a)i=12 4 (p — He]

Let us assume that the initial material has an ar-
bitrary size distribution in which the fraction of p-

mers is
_ el & w = p
np o~ om jz:o ciH; . ) (15)

Band (m — p)/o =

Thenif weletl — a =
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N¢(a) = mNg—1 4+
N ©  y—i)/e
a\/ﬂ_ 24+ alm — )] Zc, S e~#/H(z)dz —
] «©
«?Ngi-1g & (m——l)/'7 \
—_—— . —82/: I, 3
Vi j; ¢i _J; ze—3/: Hi(z)dz  (16)
In an almost normal distribution
A
2 GHi@) = 1 = 5% Hy(s)
[ I ' |
0012 (3 ) _|
20,008 / / P\D
=
0.004 / \\
|

300 350 400
p.

Fig. 1.—Three types of molecular size distributions

Since, as one can show by integration by parts*

:}; e~3Y/: dz =‘/ng:1 + & ({‘}—5)]

A
f ze—2*idg = — e—.1%/2
A
S Hi@) e—s¥rdz = (1 — ADe= 1% = — Hy(d)e— 4%
P
f»zHa(z) e—3/:ds = — A3e—AYy,
we have
Ne(a) = Nupt—! +
i e o[ ()]
— [2 -t 14+ @ —
v 24 « )] 3 +

3lg?

.,?\?, H2 (Iﬂ_::._t)e—(m—t)’/etﬂg -+
g

e NG = { A 1 — ¢ 3§
e~ (m =%t (] — 2 17
V2r 1T 3 an
2 x
(4) @(x) = :/—;,IO‘ e—%*dx. Forzx << 1;
2 x8 8
) = \/;(" “1st o~ )
% e %t 1, 18
Fora >>1: 51 — ¢} = ’277(1 5 T Gy - ).

Tables of these functions exist in Jahnke~Lmde, '"Funktiontafela,*
Leipzig, 1933, p. 48.
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For a given o, the fraction of monomeric elements
existing as components of {-mers can be found by
substituting (17) into

t Ni(a) _¢ Ny(a)
N anp Nu

Average Molecular Weights of the Degraded
Material.—The formulas for the distribution of
molecular sizes of degraded material that we
have derived so far are functions of the initial dis-
tribution and the degree of depolymerization, a.
In most problems it would seem that this form of a
result is of little value because one usually cannot
measure « directly. However, when it is possible
to determine any one of the average molecular
weights of the partially depolymerized system, «
can be found as a function of that average mo-
lecular weight, and then the history of the reac-
tion can be followed by making molecular weight
observations at various stages of the degradation
process.

The relationship between ‘“‘number average'
molecular weight, M}, and « is immediately ap-
parent from the definition of M}, for M*/m =
average number of monomeric elements in a chain,
that is

Fyla) = (18)

MF = Total number of monomeric elements in the system
i Total number of molecules in the system

Since the total number of monomeric elements is
conserved during the reaction (4. e., bonds internal
in monomeric elements remain intact and only
bonds connecting monomeric elements are split)
the total number at any time is the same as that
in the initial material; that is, ) pn, = m. Now
the number of bonds in a (p + 1)-mer is p, thus
the number of molecules whose source was (p + 1)-
mers is (1 + ap)n,y,, and the total number of
molecules in a system with the degree of depoly-
merization ais 3 (1 4+ ap)nyq; = 2,[(1 — o) +
a(p + Dinyyy = 1 — a+ am. Therefore

M¥/m = /{1l + alm — 1)] (19)

In an initially homogeneous distribution with
m=p+1
Mi/m = (p + 1)/(1 + ap)

which checks with the corresponding formula de-
rived in reference 3.

To calculate the ‘“weight average’” molecular
weight, M}, at high degrees of depolymeriza-
tion, we make the following observations. In the
case of a system in which all initial molecules are
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(p + 1)-mers, when a and p are sufficiently large
so that® (1 — @) << a(p + 1)
Mu/m ~ 1 + 2(1 ~ a)la(l + p) ~ 1)/a®(1 + p)

=1+42(1 - a)/a = 2(1 — a)/a?(1 + )
~ =142/

Suppose p is about 200. If « is as little as 0.2
2/a — 1 =9>>2(1 - a)/a?(l + p) = 1.6/8 = 0.2
Thus with initial chain lengths > 200, and a >
0.2, M¥/m is independent of the initial chain
length. This means, when a system with mole-
cules of various degrees of polymerization > 200
is depolymerized until a > 0.2, M}/m becomes
independent of the initial distribution and

Mi/m~ —1+2/a (a>02) (20)

the next approximation being obtainable by sub-
tracting 2(1 — a)/au.

At low degrees of depolymerization the corre-
sponding derivation is more complicated because
one must evaluate directly

M = ZN‘M‘Z
YOS N,
using the expression for IV, given in equation (17).

The value of 2 #2N,/N is calculated in the appen-
dix (iii) and its substitution in (21) yields

M,’f,/m =

|:ap.1(2 - a) —2(1 —~ a)(l - Z me(l — a)‘>:|/p.1a2
t=1

(22)

= SN, @1

m
Ny

When n, = 1if { = p 4+ 1 and zero otherwise,
= p+ land
m

2?1+ p)+20 -l =)'~ 14+ a(p+ 1))
a¥(p + 1)
which agrees with the formula for the weight
average molecular weight of an initially uniform
system.?
In an almost normal initial distribution

MY
W e - -

m #1(12

hd e—(m—t)/w2
2(1 — 1 — z: ] — o)t (1 -
( “)[ PR v

o, Hy ("——‘—f)]} 28)

Application of equation (ix) of the appendix sim-
plifies this to
@=(2—a)_2(1—a)31+[1+

m a ol
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3—alog3 (1 - a)] exp, [— log? (1 — &) +

miogd = ) |} (20
Asa—>0,log (1 — a) ~ —a,and

R - T

37 a“) exp. (—-ma —+ ——-)g (25)

Using equation (19) or (23) one can determine
o from a measured average molecular weight (as
discussed in reference 3, p. 724, when M} is the
measurable variable, a is most easily found by
graphical means) and substitution of the a value
into (17) or (18) indicates the molecular size dis-
tribution. Figure 2 shows the degradation curves
of an initially normal molecular size distribution
and emphasizes the transition from one sharp
distribution to another.

A method to decide whether a given reaction
proceeds with random splitting of bonds as dis-
cussed in this paper would be to measure both
My and M} at various stages of degradation,
and then compare the measured M}, values with
those calculated from (23) using the o values de-
rived from (19).

Time Dependence of a.—To express the time
dependence of a we shall make the assumption
that throughout the depolymerization process the
rate at which bonds are broken is proportional to
the number of uncut bonds.® In this case dB/d¢
= —AB, if B is the number of uncut bonds at time
t and A is a degradation constant. Thus

B(t) = Ne=M (m — 1) (26)
since the total number of bonds in the unde-
graded system (¢ = 0) is N) n,(p — 1) = N(u —
1). Now the total number of bonds split at the
end of time £is

B(0) — B(t) =
Therefore

N( — 1)1 — e—¥)

_ NGu— 1)1 = e—M)
N(p — 1)
The degradation constant, A, for a given reaction
can be evaluated by observing average molecular
weights at various times, finding the corre-
sponding o’s from (19) or (22), and applying
A= — (1/8) log (1 — &)
One can express the size distribution or average
molecular weights of a partially degraded system
as a function of the time by substituting (27) in

=1=—e~M (27)

(3) A similar discussion of this problem has been made by W.
Kuhn, Ber., 68, 1503 (1930).

MOLECULAR SI1ZE DISTRIBUTION IN POLYDISPERSE SYSTEMS

1219

(14), (19), etc. Some other aspects of the kinetics
of depolymerization, such as the probability of a
given number of bonds being broken in a given
time, follow immediately from the solutions of the
corresponding problems in the theory of radio-
active disintegrations.®

T | 1 ‘ T I T I

0.01 A=034 —

F,(a)
-3
8
i

0.005 =016 —

s, 008

4[ l I l l 1
0 100 200 300
i
Fig. 2.—Fraction of monomeric elements existing as
components of {-mers for various o's in a system that
originally had a normal distribution of molecular sizes
(w1 = 350 and M,/m = 353).
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Appendix

Calculation of Y =, 2 N,/N and Weight Average Mo-
lecular Weights.—From equation (14), if (1 — a) = 8

i) 20 BN/N =3 ttmg—t +

t=1 t=1
Z Z Enpapt—1 2 — (¢t + Da + pa]
I=1 p=it1

but for any function f(p, £) (for which the following sums
converge)

Z Z fp0) = Z Z fp0) - Z Z fo.)

(=1p=i+1 t=1pm1 "1 pml

Interchanging the order of summation in the second term:

=2 2 feH = X 3 i

(=1 p=1 p=li=p
Thus
() 35 X £ — (¢ 4 Da + pa] =
t=1p=i+1
Z Z 2812 — a — ta + pa) —
t=1p=t+1

2. 2t 2 — (t 4+ 1) + pa]

paltmp

Z pnp = M1.
p=1

Now Z n, = 1;
p=l

© b)" © ( 2\ ﬂp
t'nl= —— = —_ ————
P (55 L o5) T

(6) See, for example, Ruark and Devol. Phys. Ren., 49, p. 355
(1936).

Using the fact that



1220

we have

- 23 = 6[7 2 -
I;ﬁ'ﬂ gy 10+ B(— 20 +
20 + 1) + 821 = p)Y

and

Y osa = L 1pt + B0+ 3p + 3p7 —
Bp%) + B3 — 6p* + 359 + £ — p)*|

Substituting these expressions in (i), and (ii) in (i)
” .

(i) 3 eN/N =
t=1

@

Z npﬂ”)(l - a)/a?

=1

m@ — a}/a - 2<1 -

For degrees of depolymerization sufficiently small to mmake
(apy)? much less than o

DB = 3 my (1 — ap 4 ap(p ~ 1)/2 = ..)
=1 —am + a®(pe = u1)/2! — &®(us = 3pp + 2u1) /31 + . ..
and

@

(iv) >, &NJ/N~mpm+ ml —

t=1

oz )i~

So (iii) and (iv) imply

(ﬂ-a — 3u2 + 2y
- m

) + Oltem)®1 ]

a2 —o)u — 2(1 —a){ 1 — n ﬂ")
ME ' < pz=:1 )

m ma

(v)

aud for very small «

N MY 2
(vi) o 1+ (E - 1)(1 - a)[l —_
@ (pg — 3up +2pm)
3 (we—m) T ]

Replacement of the u's by the corresponding functions of
average molecular weights describes M5/m as a function
of the degree of depolymerization and of the initial averagc
molecular weights.

In an initially almost normal distribution

had hd e—(m-i’)“/wg(
vii npB? = p ] —
(vid) pgl o gz=:1 p oV 2r

37\; s (E}';_p))

If « is small enough to make the use of this sum neces-
sary, we can replace the suinmation operation by an inte-
gration, and since exp. {— (u — p)2/20%} —> 0O very
rapidly as p becomes small, we can take the limits of inte-
gration as — « and + <. Therefore
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e— (u—

2omsr = f

b)Y/ 2at+plog B [1
p=1 -«

PRV
3lg 3Ha (

Letting¢ = w1 + o?logBandx = p — ¢

-]

@

Z npBP = e t—m? /20t f e—x%/10? I:] +

p=1
2 .
;ﬁ H, (” log_ﬂ__'__:‘_) dx
3la? 4

(vili) = efe?log?(1—a) + mlog (l—a)[]_ +

Jiog (1= @) |

Thus the weight average molecular weight of an initially
almost normal system is

Fel > R, ‘) ——
R FENE
a o {
'y t(1—a) + mlog (1 —a)
ez 108" (1o F mlo [1 + g log? (1 = a)]
As a —> (0, log (1 — a) ~ —a, and
L ME 2 —a 2(1 — a)\
(x) m o wa? l L+

(l - 'a,a)e\l) (— #Ia‘l‘aﬂz/"):»

Summary

In a polydisperse system of long chain molecules
of the same general structure with a single maxi-
mum molecular size distribution, this distribu-
t'on will not deviate radically from a normal one.
With this in mind a general distribution function
(which shows deviations from normal) is derived
in terms of three measurable average molecular
weights.

A theory of depolymerization of an arbitrary
distribution of high polymers is developed statis-
tically under the assumption that all bonds con:
necting monomeric elements in the system have
the same probability of being broken. The
molecular size distribution at any time is given as
a function of the initial distribution and of the
fraction of bonds split.

Under the assumption that the rate at which
bonds are cut is proportional to the number of un-
cut bonds in the system, the time dependence of
the degree of depolymerization is discussed.
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